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As the observational technology develops, the number of gravitationally lensed images of high redshift objects such as QSOs is increasing. The light rays from these distant objects are deflected and focused by intervening galaxies and/or clusters of galaxies, and the degrees of deflection and focusing are believed to be described by the so-called cosmological gravitational lens equation. Accordingly, there have been a number of analyses concerning the statistics of lensing, mass distribution of a lens galaxy, etc., with the full use of the iens equation, and the results have been extensively used to set constraints on the cosmological parameters or models of the universe. For recent observations of lens systems and applications of gravitational lens equations, see e.g., Ref. 1) and references cited therein.
Unfortunately, to the author's knowledge, all the derivations of the cosmological gravitational lens equation in the literature depend, in one way or another, on an intuitive geometrical consideration on positions and relative angles of the source, its image and the lens object as seen from the observer, hence the resulting formula contains some ambiguous quantities. Although this derivation of the lens equation seems physically quite reasonable, because of the ambiguities, there have been some debates on the interpretation of the formula, not to mention its validity. For example, there has been a confusion of which distance measure is to be used in the lens equation; whether the distance in the empty cone 2 ),3) (the so-called Dyer-Roeder distance,4) or the one in the filled coneS) (the.conventional Friedmann distance), or the one in the partially filled cone, or even something else. 6 ) However, since the cosmological lens equation plays the central role in analyzing observational data and interpreting them in the light of cosmological models, it is a matter of great concern if the cosmological lens equation has a firm ground, and if so, which distance measure should be used in it.
The purpose of the present paper is to resolve this problem and discuss the validity and limitation of the cosmological lens equation in detail. Here we focus on purely theoretical aspects of the cosmological gravitational lensing. Our approach to the problem is based on the geometric optics in curved spacetime, i.e., directly appealing to the geodesic and its deviation equations. In order to avoid unnecessary complications, in this paper we only consider gravitational lensing due to a usual astronomical body like galaxies and/ or due to inhomogeneities in the matter density.
Other possible sources of inhomogeneities such as gravitational waves, cosmic strings, or domain walls will not be discussed. We also concentrate on the case of a single transparent lens, but the generalization to multiple lenses should be fairly straightforward. We try to make the paper as self-contained as possible, hence it largely consists of reviews on the geometric optics, with empha,sis placed on formulae crucial to the derivation of the lens equation. The paper is organized as follows. In § 2, we review the conventional derivation of the lens equation and its extension to the cosmological situation. Then we point out several ambiguities involved in the resulting formula. In § 3, we review the geometric optics in curved spacetime and give basic formulae which describe the gravitational lensing. In § 4, we consider the luminosity distance and the angulardiameter distance in a general curved background, and discuss their mutual relation, known as the reciprocity theorem. We then clarify the assumptions used to derive the distance in the empty (and partially filled) cone, as compared to those for the distance in the filled cone. In § 5, based on the formulae in the previous sections, we consider the geodesic deviation equation in a spacetime metric which presumably describes an inhomogeneous region of the universe through which the light propagates and experiences the gravitational lensing. We then derive the cosmological lens equation by integrating the deviation equation under some plausible assumptions. We find the distance measure to be used in the lens equation depends on the situation (i.e., a model of the large scale structure of the universe) one considers. In § 6, we remove the assumptions used to derive the lens equation in § 5 and consider more general situations. We then formally integrate the deviation equation and discuss implications of the resulting formula, particularly in connection with the validity and limitation of the lens equation. Finally, we summarize our analysis and the results in § 7.
Throughout the paper, we use the unit c=l and take the metric signature as -+ + +, and follow the conventions of Misner, Thorne and Wheeler
7
) for other geometrical quantities. § 
Gravitational lens equation --Conventional approach--
In this section, we carefully review the derivation of the gravitational lens equation in the conventional approach and summarize some general properties of the gravitational lensing. In doing so, we also point out several ambiguities associated with the lens equation when it is applied to cosmological situations.
First, let us consider the lens geometry for a point source (or a point of an extended source), a point-mass lens and an observer, all of which are stationary relative to each other, in an asymptotic flat spacetime (see Fig. 1 ). It is known that a light ray traveling through the spacetime near a mass M with an impact parameter b is deflected by the angle a =4GM/b, provided that GM/b4;l (see e.g., § 25.6 of Ref . 7)). This is the Newtonian or small angle approximation which we assume throughout the paper. Then if the source and observer are sufficiently far away from the lens, one can introduce the notions of lens and source planes as those which are both perpendicular to the light path at the respectively. Then from a simple trigonometry we have where b and a are the vectors representing the impact parameter and deflection angle, respectively, DIs, Ds and DI are the distances between the lens and source, observer and source, and observer and lens, respectively, and () and rp are the angular position vectors of the image and source, respectively, relative to the lens as seen by the observer (or Ds() and Dsrp are the position vectors of the image and source, respectively, on the source plane). Hence the lens equation takes the form,
In this case, since rpcx (), we may consider the lens geometry solely on the projected two-dimensional plane which includes the source, lens and observer, on which the vectors rp and () can be regarded as scalars:
Hence there are two images which appear at
where the negative sign of ()-means it is on the opposite side of the source relative to the lens (we assume ¢?:.O).
Two facts that we see immediately from the above result are
that is, (i) the angular separation between the two images are always greater than 2ao (when L/()=2ao, which occurs for ¢=O, the image becomes a ring, the so-called Einstein ring), and (ii) the source is always at the position twice the distance between the center of the two images and the lens. From the above lens equation, one can also calculate the luminosity amplification factor of the images relative to the original source luminosity which would be seen if there were no lens. 
One sees that Ji+ > 1 and Ji_ < O. This means that (i) the image at 8= 8+ has the positive parity and its luminosity is always greater than the original luminosity, while (ii) the image at 8= 8-has the opposite parity. N ow, it is straightforward to generalize Eq. (2.1) to the case of an extended lens but which is still sufficiently localized as compared to the distances to the source and observer. This is known as the thin-lens approximation. We first introduce a fiducial line relative to which the vectors t/J and 0 are measured. Then the deflection angle a for a lens of point-mass m' at 0' is
Then considering a continuous mass distribution of lens, this is generalized as a=4G jd (2, 5) where X( 0') is the surface mass density of the lens on the lens plane, and the logarithmic potential is introduced in the second line for later convenience, in which 8e is an arbitrary constant angle. Thus we have
Although the above formula has been derived for a lens in an asymtptotic flat spacetime, it seems reasonable to expect that it also holds in the cosmological situation, provided that the stationarity of source, lens and observer is interpreted as that relative to the mean cosmic rest frame and the quantities appearing in the formula are replaced by the corresponding ones properly defined for the cosmological situation. But this last point is indeed the source of the ambiguity. As for the distances DIs, DI and Ds (collecting them together we call the distance measure Din the lens equation), our construction of the lens geometry implies that they should be replaced by the respective angular-diameter distances. However, among them, at least the distance Ds cannot be the actual angular-diameter distance between the source and observer; if so, it would contain the gravitational lens effect already and it would be nonsense to consider the lens geometry in which there appears the notion of the "unperturbed" light path in the absence of lens. In other words, the lens equation is not really well-defined until we specify consistently what the geometry in the absence of lens actually means. This is the problem of the distance measure in the cosmological lens equation. Similar ambiguity exists also in the notion of the surface density I:, since the density of the universe is not generally almost everywhere zero even in the absence of lens. This is contrary to the case of the asymptotic flat spacetime, in which the geometries with and without lens are well-defined and there is nb ambiguity in the definitions of the distance and the surface density.
Resolution of this issue is the main topic of the present paper, and we will discuss it in detail in § 5. For the time being, let us ignore the problem and assume the universe is described by a perturbed Friedmann-Robertson-Walker metric as (2'7) where 7] is the conformal time, Yii is the metric on the constant curvature 3-space with curvature K = ± 1, 0, and we have also shown an explicit representation of the metric in the spherical coordinates in which X takes the values in the range O::;:X::;:7r for K =1 and O::;:x< 00 for K = -1, O. The conformal coordinates (7] , X), which are simultaneously the comoving ones in a cosmological metric, are particularly convenient for the discussion of light propagation since the light-cone structure is invariant under conformal transformations of the metric. The scale factor a(t) is assumed to satisfy the Friedmann equation,
where the dot and prime denote d/dt and d/d7] , respectively, and <p) is the mean cosmic matter density (we assume a matter-dominated universe in which <p) cx a-
3
).
The Newtonian potential lJf is due to the presence of lens and assumed to be sufficiently localized near the lens so that the spatial curvature can be neglected in the domain lJf is non-vanishing. gravitational lens effect is entirely expressed in terms of the gradient of a potential, indicates that it can be derived from the variational principle applied to some action, or Fermat's principle generalized to the case of gravitational lensing. That this is in fact the case was shown by Blandford and Narayan. 8 ) Let us consider a null path r as shown in Fig. 2 which starts from the source S to an arbitrary point P on the lens plane and from P to the observer 0 in the spacetime described by the metric (2·7), and calculate the difference in the proper spatial distance along r and that of the straight null path r which would connect Sand 0 if there were no lens, i.e., for the metric (2·7) with lJf=O. Since the light velocity is invariant, this is equivalent to the difference in the arrival time of a light ray along r and that along r, which we call the time delay relative to the path in the absence of lens, and it is written as a sum of two terms; the geometrical and gravitational contributions. The former is just the extra path length traveled by the ray along r as compared to r. Let the conformal distance of it be Ll7Jgeom=LlX. Then from Fig. 2 , one finds
where ao and at are the scale factor at the observer and lens and Zt is the redshift of lens. On the other hand, the gravitational contribution is due to the Newtonian potential along the path r and given by Lltgrav= a oLl7Jgrav= -2ao llJfd)" 
where ;\ = 7J -7Js is the conformal affine parameter along r, the co moving coordinates are chosen in such a way that r=(x, y) with y being along the direction of the light path and x being the two-dimensional co moving coordinates on the lens plane. The surface density f is given by
and we have assumed that the path integral can be locally evaluated along a straight path near the lens with re= DzfJe being an arbitrary cutoff length, in accordance with the thin-lens approximation. As one can easily notice, the observable time delay is the difference in the arrival time between two different images of S seen in the directions, say ()! and ()2, and it is of course independent of re (or Be). Combining Eqs. (2·10) and (2·11), we obtain and it has the dimension of surface density, the meaning of which will become apparent in a while. Now Fermat's principle states that LIt is extremized for an actual light path. Hence, which is easily shown to be equivalent to the lens equation (2·6). The advantage of the time delay formula (2 ·12) is its usefulness for the classification of image properties. For this purpose, it is customary to introduce the following non-dimensional quantities,
JrJ:e Be
where (P satisfies the two-dimensional Poisson equation,
The quantity r is called the Fermat potential and images appear at its extrema, which are local maxima, minima and saddle points.
Using r, the luminosity amplification factor can be calculated as follows. First we introduce the curvature tensor of the surface z= r( (J, rfJ) embedded in the Euclidean 3-space with the coordinates ((J, z):
Then one easily sees that this is just O(r jo¢B, the determinant of which at an extremum of r gives the amplification factor of the corresponding image,
where
As clear from the above definitions, the term P is due to the mass density itself while the term Q is non-vanishing in the region outside the mass distribution as well. We will see in the subsequent sections that the term P is due to the so-called Ricci focusing of light rays while Q is to the focusing by shear of light rays caused by the Weyl tensor of spacetime. In particular, if Q=O which would be the case for a uniform surface density, I:c is the critical density at which the rays from S would be just focused at 0.
)
From the above formulae for rand Jl, one can deduce some basic properties of images. For a smoothly localized surface density, rp is everywhere regular and grows no faster than InB for large B. Hence r is bounded below and grows quadratically for large B. Since an extremum of r corresponds to an image, this implies that the total number of images is always odd. This is contrary to the case of point-mass lens for which the number of images is two. At local minima and maxima of r, det K>O.
Hence the images there have positive parity. On the other hand, since det K < 0 at saddle points, the images there have negative parity. Thus the number of positive parity images is greater than that of negative parity ones just by one. At minima of r, at least one of such always exists, det K>O and Tr K>O, which implies 1-P>IQI.
Then provided P>O, we have (1-pY_IQI2< 1-IQI2< 1, hence Jl > 1, i.e., there always exists an image of positive parity which is amplified relative to the original luminosity in the absence of lens. However, the condition P>O may not be satisfied in cosmological situations since we have not specified the actual meaning of the surface density f. Further discussions on the image properties can be found in Refs. 1) and 8). The basic tools to deal with the light propagation in curved spacetime are provided by the geometric optics. In the geometric optics, wavelengths of photons are assumed to be much shorter than the curvature scale of spacetime on which they propagate (see e.g., § 22.5 of Ref. 7)). As we can easily convince ourselves, this assumption holds in all conceivable cosmological situations at a very high accuracy. Specifically, let us consider a monochromatic electromagnetic field with the propagation vector kp-. Its vector potential Ap-in the Lorentz gauge may be expressed as (3-1) where cp-is the polarization vector such that cp-cP-=l and kP-cp-=O, and S defines (null) surfaces of constant phase such that kp-= Jp-S. In the geometric optics approximation, it is assumed that Acp-S; v~(Acp-); v. Then up to the second leading orders, the field equation Fp-v;v=O implies (3-2) and
The first two of the above equations are nothing but the equations of null geodesics and the last is the one that governs the evolution of the amplitude along the light rays.
In the following, we first discuss general properties of a bundle of null geodesics, called the null geodesic congruence (for mathematically more rigorous treatment, see e.g., § 4.2 of Ref. 10)). Then we specialize our discussion to the case of light rays which are described by the geometric optics.
Let us consider a congruence of null geodesics which are affinely parametrized:
where v is the affine parameter along each null geodesic rev). To discuss the properties of the null geodesics, we introduce another null vector field [P-defined by (3) (4) (5) that is,it is "orthogonal" to kP-and parallel-propagated along rev). Then the following tensor,
hp-v:=gp-v + kp-lv + lp-kv , (3) (4) (5) (6) where gp-v is the spacetime metric, has the properties,
hp-vk v = hp-vlv=O, hp-a h av = hw, hP-p-=2,
and hence represents the metric on a two-dimensional "screen" placed orthogonal to the spatial direction of the null geodesics. In particular, from lP-;vkv=kP-;vkv=O, we have (3'7)
We note that since what we observe is radiation received on such a screen, any observable quantity is in the form of a projection onto the screen by h (2) pv. N ow, let us consider the rate of change in the shape of a small portion of the null geodesic congruence projected on this two-dimensional screen. For this purpose, we decompose kp ; v as (3·8) where (2) (2)
Here Next we consider a vector ZP which connects points on neighboring geodesics on the screen, where s is a parameter representing a one-parameter family of geodesics (see Fig. 3 ). This vector field is called the Jacobi field. It has the property that Then in terms of the components with respect to the dyad basis, we find
where (3·12) and WAB and OAB are defined similarly. In the above, we used the total derivative symbol d/dv rather than the partial one Ojav in order to make clear the fact that the derivative is along each geodesic r(v).
Since WAB and OAB are two- dimensional matrices which are antisymmetric and traceless symmetric, respectively, we may represent them as (3'13)
Then from Eq. (3'11), it is clear that during the infinitesimal increment of the affine parameter dv, the (infinitesi~al) shape of the congruence projected on the screen is rotated by the angle wdv, stretched or compressed by the amount o+dv (oxdv) in the direction of the axes formed by the dyad vectors (45 0 tilted from them), and the size is expanded by the amount B/2 (see Fig. 4 ). In particular, if one considers the rate of change of an infinitesimal cross section of rays projected on the screen, one finds (3'14) where Z(i) and Z(1) are the components of two independent Jacobi fields which span the surface element dS, and tAB is the two-dimensional anti-symmetric symbol; t12= -t21 =1 and t11=t22=0. In passing, we note that in terms of W, 0+(=011=-022), OX(=012=021) and B, we have (3'15) where So far, our discussion has been quite general. Now we restrict our attention to the case of a null geodesic congruence which represents a bundle of light rays under geometric optics approximation. In this case, since kp-=S; p-, the antisymmetric part of kp-; j) vanishes identically, (OP-j)=O. Hence, the size and shape of light rays projected on the screen are controlled by () and 15, respectively, which are called the optical scalars.
The evolution equations for the optical scalars were first derived by Sachs 11 ) (the definition of () adopted here is twice of that originally defined by Sachs). They can be derived by using the definitions of the Riemann tensor RP-j)ap, the Ricci tensor Rp-j) and the Weyl tensor CP-j)ap. For (), it is given as
where CA4B4=eAP-eBj)kakPCp-aj)p, Using the complex shear scalar introduced above, 15 = 1511 + i1J12, this can be rewritten in the form,
where C= C1414 + iC1424.
Instead of solving for the optical scalars to find properties of a bundle of light rays, one may solve the evolution of the Jacobi field. We find
;j);a (3 ·18) which is called the geodesic deviation equation. In terms of the dyad components, it is rewritten as
where, as before, we have replaced az /8v 2 by d 2 /dv 2 to emphasize that this is an ordinary differential equation along a geodesic curve r( v). The quantity RA4B4 is the component of the Riemann tensor projected in the same way as CA4B4, and it can be decomposed into the Weyl and Ricci tensor parts as From Eqs. (3'16), (3'17) , (3·21) and (3·22), one sees that light rays are always focused either by some matter in the beam or by shear which is generated by a potential inhomogeneity. The former is called the Ricci focusing and the latter the Weyl focusing. By integrating these two focusing terms along the light rays, one notices that they have already appeared in the luminosity amplification formula derived from the lens equation; P and Q terms, respectively, in Eq. (2 '16). Our purpose below is to show how these two seemingly very different approaches (i.e., the optical and lens equations) are related and to clarify the ambiguities in the lens equation approach mentioned previously. Basic formulae which will be used in the following sections for this purpose are Eqs. (3'11) , (3'14) , (3'16) , (3'17) and/or (3'19) , together with Eq. (3·3). § 4. Luminosity and angular-diameter distances in curved spacetime
In cosmology, or in any astrophysical situations, the notion of the distance is meaningless unless one defines it operationally by relating it to some observable quantity. Thus there is no unique definition of the distance but there are varieties of them. Two typical ones which are frequently used in cosmology are the luminosity and angular-diameter distances. In this section, we review how these distances are defined an_d how they are related to each other. We then present specific examples of distance measures, which are claimed in the literature to be used in the cosmological gravitational lens equation,I) namely the conventional Friedmann distance in the background of averaged density <p> (filled cone) and the Dyer-Roeder distance which assumes the light travels through vacuum (empty cone).
To begin with, let us consider the energy momentum tensor of monochromatic light rays described by the vector potential (3 ·1) under the geometric optics approximati on. It is (4 ·1) Then the energy flux measured in the rest frame of an observer with 4-velocity uP is
fP=-hPuTuaua=/(v)nP,
where Here the vector n P is a unit vector in the spatial direction of the propagation vector seen on the rest frame of uP and /(v) is the amplitude of the observed flux at affine parameter v. We note that from the definition of n P , the proper distance df the rays travel during an infinitesimal affine distance dv in the rest frame of uP is given by hence df =wldvl.
We also note that from Eqs. (3·3) and (3·14), the squared amplitude A2 is inversely proportional to the cross section dS of the light rays,
which is a consequence of the photon number conservation.
Luminosity distance (4 ·4)
First we define the luminosity distance. In flat space, the observed flux /0 of a source of intrinsic luminosity Ls at a distance D is given by
Conversely, if one knows the source lunminosity Ls and observes the flux /0, one can infer the distance to the source. Hence one can define the luminosity distance as
This is often called the uncorrected luminosity distance in the literature in contrast to the corrected one, which includes the correction due to redshift of photon frequencies, as we will see below.
To define the corrected luminosity distance, we express the light rays emitted by a source as a past-directed null geodesic congruence from the observer o that contracts to a point at the source S (i.e., its Jacobi fields vanish at S), as shown in Fig. 5 . From the congruence, we pick up a fiducial null geodesic r( v) and denote the infinitesimal cross section of the congruence along rev) as dSL(V). We set the affine parameters at 0 and S as v=o and V=Vs, respectively, and the 4-velocities of 0 and S as uol'-and usl'-, respectively. For convenience, we also form a small sphere around S in the source rest frame, with radius Ll r s =wsLlvs. Now the corrected luminosity distance is defined to be 
c· (4 ·6)
where dQL is the infinitesimal solid angle at S sub tended by the area element dSL(O) at O. from the observer 0 to the source S and an associated congruence which represents the light rays emitted by S, appropriate for the definition of the luminosity distance. dSL and dilL denote the infinitesimal cross section of the congruence and the solid angle it subtends at S, respectively, and L1 r s is the radius of a small sphere centered at· S in its rest frame.
The relation between DL and Dc can be found as follows. We first note that the source luminosity can be written as
Ls=47rLlr/f(vs-Llvs)= ~ Llr/A2(vs-Llvs)w/, (4 ·7)
where ws=(kl'-ul'-)s is the photon frequency in the source rest frame (note that the minus sign is absent in front of kl'-ul'-because kl'-is past-directed). On the other hand, the observed flux is given by where wo=(kl '-ul'-) Before closing this subsection, we note that in terms of the luminosity distance, the luminosity amplification factor JI due to gravitational lensing is just the ratio DL2/DL2, where DL is the luminosity distance in the absence of lens. From this fact, we may realize that the problem of which distance measure should be used in the cosmological lens equation is nothing but the problem of which distance measure is appropriate for a fictitious background in which there is no lens object.
Angular-diameter distance and reciprocity theorem
Next we define the angular-diameter distance. In order to do so, we again consider a past-directed null geodesic congruence along the fiducial null geodesic y( v) as in the previous case, but which starts expanding from the observer 0 to the source S this time (i.e.,its Jacobi fields vanish at 0), and denote the infinitesimal cross section of the congruence as dSA(v), as shown in Fig. 6 . Then the angular-diameter distance is defined as (4 -13) where dQA is the solid angle at 0 subtended by the surface element dSA(VS).
It is known that the luminosity distance and the angular-diameter distance are not mutually independent but are essentially the same, apart from a redshift factor. This is known as the reciprocity theorem/ 2 ),13) and it states that o ( v=o) Fig. 6 . The same past·directed null geodesic rev) as in Fig. 5 , but the roles of 0 and S being interchanged to define the angular-diameter distance.
Dc=(l +Z)DA ~ DL=(l +Z)2DA. (4-14)
The details of the proof can be found in Ref. 13 ). Here, we give a sketch of it (see Fig. 7 ).
Let :fit) and Y(~) be mutually orth-
rev) o
(v=o) Fig. 7 . Schematic picture of the two sets of two orthogonal Jacobi fields Y(~~!.) and Z&) (A=l, 2) which vanish at Sand 0, respectively. ogonal Jacobi fields which vanish at 5 and are orthogonal to the observer 4-velocity uo P at 0, and Z&) and Z(2) be those which vanish at ° and are orthogonal to the source 4-velocity us P at S. Then the infinitesimal cross sections dSL and dSA are expressed as (4·15)
For simplicity, we assume the Jacobi fields to satisfy the conditions dSL(v) >0 forvs >v~O and dSA(v»O for vs~v>O, i.e., we assume there is no caustic everywhere between ° and 5 in these congruences. Without destroying all the conditions we have required in the above, it can be shown that we may assume 
W( Y(l),Z(2))=( Y(1)AZ(1»)o= -( Y(1)AZ(1»)s=0 ,

W( Y(2), Z(l») = ( Y(2)AZ(1»)o= -( Y(2)AZ(1»)s=0 , which in turn implies (Y(f»)ooc(Z(1»)o, (Y(i»)ooc(Z(1»).
Then from the equations, W( Y(l), Z(l))=( Y(1)AZ(1»)o=-( Y(I)AZ(1»)s , W( Y(2), Z(2»)=( Y(2)AZ(1»)o= -( Y(2)AZ(1»)s,
we find 
Now, for small affine distances Llvs from 5 and Llvo from 0, we have respectively,
where the last equality of each equation follows from Eq. (4·3). From Eqs. (4·21) and (4·22), we finally find
From the definitions of Dc and DA , Eqs. (4·6) and (4·13), respectively, and that of the redshift, it is readily seen that this gives the reciprocity theorem (4 ·14).
Friedmann and Dyer·Roeder distances
As clear from the definitions, the luminosity or angular·diameter distances for a given cosmological model can be obtained by solving the equation for dSL or dSA, with an appropriate boundary condition. Since we have seen that both of the distances are essentially equivalent, in the following, we focus on the angular-diameter distance and call it simply the distance unless there is a possibility of confusion.
For the distance measure to be used in the cosmological lens equation, naively we would expect it to be given by the Friedmann distance which is defined with respect to the homogeneous and isotropic background with the averaged matter density (p). Hence, let us consider the Friedmann distance first.
As one can see from Eq. (3· 21), for the homogeneous and isotropic background, the Newton potential lJf vanishes and consequently the Weyl tensor of the spacetime is zero. From Eq. (3·17) for the shear, this means (J=O if it is so in the beginning. Then assuming that the region of spacetime from which light rays are emitted is not significantly curved, it is reasonable to set (J=O. Thus the equations to be solved are Eqs. (3'14) and (3'16) The solution for DA with the boundary condition, DA --> z/Ho forz--> 0 can be found in many textbooks on cosmology; it is (4·27)
Although the universe may be approximated by a Friedmann universe on average, it may be that the spacetime region through which light rays from distant objects traveled is very different from it. In particular, if all the masses of the present universe are concentrated in galaxies, the intergalactic space is totally vacuum. If the light rays we observe are those which traveled through such a region, usually called the empty cone, they should not have experienced any Ricci focusing. Hence the distance measure to be used in the lens equation may be completely different from the distance in the averaged Friedmann universe. This possibility was first mentioned by Zeldovich. 14 ) Later Dyer and Roeder gave explicit distance formulae for various cosmological models,4) hence a cosmological distance measure in this category is generally called the Dyer-Roeder distance (we abbreviate it as the DR distance in what follows).
The assumptions used to derive the DR distance are:
(1) The intergalactic space through which light rays propagate is vacuum.
(2) Potential inhomogeneities due to objects other than the lens are negligible in the beam so that shear of the light rays can be ignored. (3) The affine parameter is still given by that in the averaged Friedmann background, Eq. (4·25b).
Among these assumptions, the first one just describes the situation the actual universe may be in, and there is no problem with it as far as theory is concerned. Controversies arise from the second and third ones. The fundamental problem is the lack of a realistic inhomogeneous universe model based on general relativity. We have tentatively assumed in § 2 that the universe may be approximated by the metric (2·7), which represents a Friedmann universe with small potential inhomogeneities. We call it the cosmological Newtonian metric. Although that metric can be justified under certain plausible conditions/ 5 ) they are not in general satisfied in the situations where gravitational lensing occurs. Namely, the cosmological Newtonian metric assumes the validity of cosmological post-Newtonian expansion. 16 ) In this expansion, there are two basic expansion parameters 6 and K; the former represents the amplitude of the Newtonian potential, 62~ lJf (or that of the peculiar velocity V, 6~ V if the system is virialized), and the latter the ratio of the length scale of inhomogeneities 1 to the Hubble scale H-\ K~ Hl, and the validity of the cosmological Newtonian metric is guaranteed only if 62~K~1 (note that this does not mean the density perturbations are small; the density perturbation amplitude is 0(6 2 /K 2 ), which can be much greater than unity). However, one can easily imagine a situation of gravitational lensing in which the Weyl focusing alone would form a caustic of the congruence; i.e., the shear is the dominant source of ray focusing. In such a case, we find 6 2 <K,l7),18) hence the cosmological Newtonian metric loses its ground. Nevertheless, it seems intuitively quite inconceivable to accept the conclusion that the cosmological Newtonian metric is invalid even for inhomogeneities which are sufficiently localized (K~l) and weak (62~1), irrespective of whether 6 2 is greater or smaller than K. Hence, as a working hypothesis, we take a standpoint that the metric (2·7) is valid even if 6 2 < K. Then the assumption (3) becomes reasonable, since the effect of the Newtonian potential on the affine parameter is small; ~ 0 (6 2 ).
On the other hand, the validity of the assumption (2) is not clear as the focusing due to shear is accumulative (see Eq. (3·16». However, recently it was shown by a direct numerical integration of null geodesics that this assumption holds with good accuracy for typical models of inhomogeneities in the universe/ 9 ), 20) provided the intergalactic space is vacuum.
Then, since the assumptions (2) and (3) hold automatically in the averaged Friedmann background, we expect them to hold in a more general situation than the assumption (1), i.e., in the case of a non-vanishing but uniform matter density a<p> in the intergalactic space, where a assumes a value in the range O:::;::a:::;::l; a=O corresponds to the original vacuum case, while a=l to the averaged Friedmann case. Hence we replace the assumption (1) with ( Here and in the following, we denote the generalized DR distance with parameter a by DA(a).
Although the distance D}a) for general values of a and .!do can be written down in terms of hypergeometric functions, or even in terms of elementary functions if a =0,4) the results are not very illuminating. Hence we present only the simplest case of Qo=l, i.e., the spatially flat matter-dominated universe. In this case, we obtain
It is worthwhile to mention that the generalized DR distance is an increasing function of a for a fixed z; i.e., an object at the same redshift would be seen fainter or smaller for smaller a. Another point to mention is that DA(O)(z) does not have a maximum but asymptotically approaches a constant D}O)-4(2H o )-1 as z-4=, while DA(a)(z) has a maximum as a function of z for a> O.
Thus the problem of distance measure is which D A (a) of 0:::;:: a:::;:: 1 should be identified with D of the lens equation given in § 2, if any. Concerning this, we note that once the cosmological Newtonian approximation is adopted, the Newton potential If! must be determined from
where Ll(3) is the Laplacian with respect to the spatial metric Yij and p is the actual matter density there. This suggests that the source term for If! appeared in § 2 should be also given by p-<p> but not p itself. However then the consistency seems to demand that the distance measure D should be identified with DA (1) , i.e., the distance in the averaged Friedmann background. We will also resolve this seemingly paradoxical situation in the next section. However, here we directly appeal to the geodesic deviation equation (3 ·19), which we find simpler and more straightforward. We assume the validity of cosmological Newtonian metric and consider the situation for the generalized Dyer-Roeder distance, i.e., we adopt the assumptions (1)', (2) and (3) stated in the previous section. We also assume the validity of thin-lens approximation as adopted in § 2.
Let us first evaluate the Riemann components RA4B4 which appear in Eq. (3·19). From the thin-lens approximation and the assumption (2), far from the lens, we simply have
Near the lens, it can be evaluated as follows. Since we have assumed the region through which light rays propagate has a uniform density a<p> in the absence of lens, the Newton potential of a lens object with density p must be determined from where the comma now denotes a simple partial derivative. On the other hand, the Ricci part may be written as (3) =L1l[f(a)OiO AB +4JrCa<p)oio AB .
Putting Eqs. (5·6) and (5·7) together, we find RA4B4 near the lens as
We find this formula smoothly matches to RA4B4 at far from the lens, Eq. (5 ·1 through the lens plane. We denote the affine parameter at the lens plane by VI and at the source by Vs. Note that under the approximation of a small deflection angle, all the null geodesics have the same affine parameter distance to the lens plane and that to the source plane, apart from the assumption (3). The lens geometry and the deviation vectors and angles used for the present purpose are depicted in Fig. 8 (5 ·12) where the subscripts l, l+ and L denote the quantities evaluated at, just after and just before the lens plane, respectively. In deriving it, we have used the relation dv =dY/Oh near the lens and the fact that e=dylJi",33=0 (y=x 3 ), and introduced the two-dimensional potential <p(a) defined as
where rc is an arbitrary cutoff length as introduced in § 2 and the surface density 17(a) is defined by
17(a)(x):= jdy'(p(x, y)-a<p»).
In contrast, there is no discrete change in the value of ZA itself, 
On the other hand, if there were no lens, there would be no discontinuity in the value of dZA/dv at V=VI. Therefore we would have 
the expression (5·21) can be rewritten in the form,
DA(a)(o, zs)
We see that this is just the differential form of the lens equation (2· 6) given in § 2, provided that we identify the distance measure D with the generalized DR distance DA(a) and the surface density with ~(a).
Thus we have succeeded in deriving the cosmological lens equation from the geodesic deviation equation in the geometric optics, provided that the assumptions (1)', (2) and (3) listed in § 4 hold in the universe with good accuracy. What we have found is that there is no theoretically preferred choice of distance measure. But once it is fixed, one has to use the consistent definition of the surface density in the lens equation; if one adopts the Friedmann distance the surface density should be the one relative to the background Friedmann density, if the DR distance it should be the absolute surface density, or if the generalized DR distance with a uniform intergalactic density a<p> it should be the one relative to that uniform density. In summary, the problem of distance measure is not really a theoretical issue but is a matter of what kind of a cosmological model one has in mind. § 6. Gravitational lensing in more general situations
In the previous section, we have seen that the cosmological lens equation can be derived from the geometric optics under several plausible but rather ideal assumptions. Then it is challenging to see how far we could loosen the assumptions without changing much of the result and its implications. In particular, we would like to understand the effect of inhomogeneities other than the lens object. Of course the separation of a lens object from a given inhomogeneity is an ambiguous procedure and there is no definite criterion of it. Here we mean by "other inhomogeneities" either those whose density contrast relative to the background cosmic density is not much greater than unity or localized objects like galaxies but which are so away from the light path that their gravitational effect is individually negligible. For this purpose, in this section, we consider more general situations in which we only adopt the thin-lens approximation, and integrate the geodesic deviation equation formally along the same past-directed null geodesic y( v) considered in § 5, as illustrated in Fig. 8 .
First we represent ZA in terms of a two-dimensional matrix AAS as Then AAs satisfies the same equations as ZA does, but with the initial conditions,
We note that from Eq. (6'2a) and the definition of the angular-diameter distance DA , Eq. (4·13), respectively, we have
In particular, if the shear can be neglected, we have AAS=DAOSA. 
d¢A=(A-I)AB(O, VS)[ABE(O, vs)+(ABC(VI, vs)-ABc(VI, vs))_l-dAdcE
where A-I is the inverse of the matrix A.
Here we should note that Eq. (6 ·10) contains quantities which are in principle unobservable, i.e., AAB(O, Vs), AAB (O, vs) and AAB (VI, vs) . The appearance of them cannot be avoided since ¢A itself is a fictitious quantity which would never be observable. Hence the choice of their forms depends on how to interpret the gravitationallens effect. A convenient and perhaps most comprehensible choice would be to identify each of them with the relevant angular-diameter distance of a model universe suggested from other observational data. Let us denote it by DA • Then we set
AAB(O, vs)=AAB(O, vs)=DA(O, ZS)OB A , AAB(VI, vs)=DA(ZI, ZS)OBA .
With these identifications, Eq. (6·10) now becomes Provided that DA is determined from an average of observed distances with sufficient statistics, it is of interest to estimate errors in the cosmological lens equation induced by other inhomogeneities. For simplicity, let us consider inhomogeneities on scale I which is much greater than the distance between the image I and source S on the source plane. Note that for a typical case of a few arcsecond separation (~10-5 radian) with the source redshift of Zs~ 1 (DA ~ l/Ho), the length of IS is less than 100 kpc.
As for the effect of an inhomogeneous Ricci focusing term, it does not change the form of the lens equation but only induces some fluctuations in the distance measure. Furthermore, it is absent from the beginning if the intergalactic space is vacuum. If not, it changes the distance measure somewhat, but the inequality K~l implies that the effect of the density contrast op/p will be averaged out in the end for lens and source at z~ 1. 15 ) Hence we expect it to be only a small effect. On the other hand, the presence of the Weyl focusing term does change the form of the lens equation, hence may cause a significant effect. It has been shown that the effect of shear or the Weyl focusing on the cosmological distance is of O(E 2 /K) relative to the one without shear,15),17),18) where E and K are the cosmological Newtonian expansion parameters mentioned in § 4. For typical large-scale inhomogeneities we have E2~ IF::S10-5 and K~Hl<10-3. Hence E 2 /K::S10-2 , i.e., the error is only of order percent at most. Therefore we conclude that the cosmological lens equation holds with good accuracy, at least as far as large-scale inhomogeneities are concerned. This means that analyses which make direct use of the lens equation are quite reliable, provided DA is chosen appropriately. However, it is a different story for analyses which involves the time delay formula (2·12). Since inhomogeneities induce terms in the expression of </JA which cannot be expressed as a function of e A , errors in the time delay, which is an action integral of the lens equation with respect to e A , can be as large as ~(E2/K)11eHo-\ where 11e is the angular separation between two different images. Note however that such a term arises solely from the interval between the observer and lens. Indeed, there exists already a numerical analysis which supports the present argument. 20 ) § 7. Summary
In this paper, we have investigated the validity and limitation of the cosmological gravitational lens equation in detail by appealing to the geometric optics in curved spacetime.
First, we have carefully reviewed the conventional derivation of the gravitational lens equation. Because it relies on an intuitive construction of the lens geometry, there arises ambiguities in the resultant formula when applied to cosmological situations, namely the problem of which distance measure to be used as well as the definition of the surface density due to the lens object.
Second, we have discussed the geometric optics in curved spacetime and presented basic formulae with which the effect of gravitational lensing can be analyzed. Based on these formulae, we have reviewed several distance measures claimed in the literature to.be used in the cosmological lens equation; among them are the conventional Friedmann distance for which the intergalactic space is filled with the average cosmic density, the Dyer-Roeder distance for which the intergalactic space is vacuum, and the generalized Dyer-Roeder distance for which it is partially filled by matter. In doing so, we have clarified the source of ambiguities.
Then by integrating the geodesic deviation equation along a null geodesic directly under the thin-lens approximation and with the assumption of uniform intergalactic space, we have derived the cosmological lens equation. We have found that provided the distance measure and surface density are chosen with mutual consistency, which choice of them one should take depends on what kind of a cosmological model one has in mind. In this sense, the issue of distance measure is not a theoretical problem but rather an observational one.
Finally, we have removed the assumption of uniform intergalactic space and formally integrated the geodesic deviation equation, to derive the equation that should be compared with the cosmological lens equation. We have found that errors due to large-scale inhomogeneities are small as far as the direct use of the cosmological lens equation is concerned. However, we have argued that the use of the time delay formula could be very dangerous because of its nature that it corresponds to the action integral of the lens equation. In the light of the important role played by gravitational lensing in observational cosmology, further investigations on the effect of inhomogeneities are certainly necessary.
In conclusion, the cosmological gravitational lens equation is a reliable tool to analyze gravitationally lensed objects at high redshifts, but the time delay formula should be used with care.
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